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Abstract

We propose four algorithms for computing the inverse optical flow between two
images. We assume that the forward optical flow has already been obtained and we
need to estimate the flow in the backward direction. The forward and backward flows
can be related through a warping formula, which allows us to propose very efficient
algorithms. These are presented in increasing order of complexity. The proposed
methods provide high accuracy with low memory requirements and low running times.
In general, the processing reduces to one or two image passes. Typically, when objects
move in a sequence, some regions may appear or disappear. Finding the inverse flows
in these situations is difficult and, in some cases, it is not possible to obtain a correct
solution. Our algorithms deal with occlusions very easy and reliably. On the other
hand, disocclusions have to be overcome as a post-processing step. We propose three
approaches for filling disocclusions. In the experimental results, we use standard
synthetic sequences to study the performance of the proposed methods, and show
that they yield very accurate solutions. We also analyze the performance of the filling
strategies.

Keywords: Inverse Optical Flow, Backward Flow, Inverse Mapping, Back Registration,
Occlusions, Disocclusions, Optical Flow, Image Registration

1 Introduction

Computing the optical flow is a basic problem in computer vision and image processing. It
has many applications in different areas, such as motion analysis, medical imaging, robot
guiding, image editing, stereoscopic vision, etc. In this article we address the problem of
estimating the inverse optical flow, which is important in problems where it is necessary
to find the correspondences back in time.

The optical flow is a vector field that puts in correspondence the pixels from one image
with the pixels of another image. There is a wide range of methods that allow estimating
these vector fields [7], [22], [15]. Typically, these methods compute the directed registration
map from one image to another, which is normally non congruent with its registration in
the opposite direction. There exist many symmetric registration methods that look for
congruent solutions in both directions. These symmetric methods have arisen in the fields
of optical flow and in non-rigid registration problems in general, like, for instance, in
2D /3D medical image registration. The estimation of the inverse optical flow, or the
inverse registration map, is necessary in this kind of methods and has shown to provide
better results than the one-directional solutions.

Another interesting application is in the field of medical imaging for computing anatom-
ical atlases. Atlases are very useful for studying and comparing the anatomy of different
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patients. In order to compute these atlases, a reference model is registered with respect
to several patient models. Then the inverse registrations from the patient models to the
atlas are needed for averaging the values and create a more realistic model.

More recently, the inverse flow has also been used in methods where it is necessary to
track the flow in previous time instants. If we have a large sequence of images, then it is
interesting to obtain continuous and congruent flows through the frames. The backward
flow allows to search for the correspondences in the previous frames and create spatio-
temporal constraints that yield continuous flow fields in time. We will review all these
topics in Section 2.

If we know the optical flow, then it is possible to estimate the backward correspon-
dences with some limitations. In fact, computing the inverse optical flow can be carried out
easily in the case of bijective transformations, which is typical in some non-rigid registra-
tion problems. Nevertheless, we have to deal with the discrete nature of images that makes
it difficult to obtain accurate inverse maps. In the case of natural sequences, the problem
is harder due to the presence of occlusions and disocclusions. Occluded regions occur when
several correspondences arrive to the same position in the target image and disocclusions
occur when no correspondences can be established in one location. The transformation in
these regions is not bijective and it is not possible to estimate the inverse map directly.

In this work we propose four algorithms for estimating the backward flow directly
from the forward optical flow and the image intensities. We assume that the forward flow
has been computed and we need to estimate the backward flow with high precision. The
proposed algorithms are simple, fast and accurate. The taxonomy of these algorithms can
be separated in two main classes: (i) flow-based methods that only depend on the forward
optical flow; and (ii) image-based methods that also rely on the information of the images.
We will show that the former are very efficient in running time and memory requirements,
whereas the latter are more accurate and stable.

An important issue is the interpolation strategy: vectors are typically given in float
precision, so we need to interpolate among several values to get the result in a discrete
position. Most state-of-the-art methods use nearest neighbor or linear interpolation. In
this work we implement and compare these two strategies. We will see that nearest
neighbor is a good solution for translational movements and linear interpolation better
adapts to shrinking or diverging motions. One inconvenient of linear interpolation is that
it strongly affects the flow discontinuities. Higher order interpolation schemes can be used,
but they increase the complexity and running times of the methods.

The proposed methods can automatically cope with occlusions. This problem can
be solved with a relative simple approach, since all we have to do is to select the best
candidate among several values. Depending on the complexity of motions, we may find
two possible situations: occlusions are due to objects that move faster in the scene, which
is typical in fronto-parallel stereoscopic sequences; or, in the most general case, occlusions
can be produced by any static or moving object. The former situation is interesting in
that it only depends on the forward flow, which leads to the aforementioned flow-based
methods. Solving this type of occlusions is as simple as selecting the maximum motion
[17]. On the other hand, in a general setting, the flow itself is not enough and we also
need to use the images (image-based methods [18]), so that the color information allows
us to dicriminate between the candidates.

Disocclusions are more difficult to deal with, since no vector points at these regions.
In this case, there is a lack of information and the best we can do is to guess their values
from the surrounding estimates. These regions can be filled in a post-processing step. We
analyze three filling strategies based on the minimum and average values around the area,
and an oriented filling strategy.

In the experimental results, we study the precision of our methods using synthetic
sequences from the Middlebury benchmark database [6]. This provides complex sequences



with ground truths. We will see that the solutions are very accurate. We also analyze the
effect of disocclusions, where the errors are usually higher.

2 Related Works

The use of the backward flow is necessary in several problems. This is the case, for
instance, in symmetric optical flow methods [2] or diffeomorphic image registration, e.g.
[9], [12] or [3]. These methods introduce the inverse mapping to improve the coherence
between the forward and backward flows, reducing the number of false matchings.

Many of these works appear in medical image registration problems, where the insterest
is to find a bijective transformation between the images or volumes. In particular, most
of these look for a diffeomorphism, which is a continuous, one-to-one and differentiable
transformation. These contraints make the estimation of the inverse registration easier.
In the case of optical flow, the problem is more difficult because the flow is not normally
continuous, presenting strong discontinuities and occlusions.

For instance, the diffeomorphic method presented in [9] explicitly computes the inverse
mapping using an iterative algorithm: for each position, it iteratively searches for the
inverse correspondence until the estimated error is below a threshold. In each iteration,
the algorithm uses trilinear interpolation to compute the flow. This iterative process
considerably increases the run-time of the method and its performance is poor at flow
dicontinuities. Moreover, it cannot process occlusions correctly. In the symmetric method
presented in [8], the inverse optical flow is computed using a Newton scheme. This solution
is similar to the previous iterative process, so it presents the same drawbacks, providing
poor results at discontinuities and occlussions.

The work presented in [4] proposes a more complex method for inverting a 3D defor-
mation field, based on the ideas of tetrahedral and affine transformation inversion. This
method has been implemented in the Statistical Parametric Mapping (SPM) software
toolkit [10] and has also been used in [20]. The authors from the last reference claim that
the method was very accurate for their test sequences, with average errors smaller than
0,05, but this information is not analyzed in their work.

In [21] the authors propose a stochastic inverse consistency approach that allows dis-
carding regions where no inverses are reliably found. This method is used for stereoscopic
sequences and image stitching, where occlusions may be present. They estimate the flow in
both directions and then compute two inverses. For each position, if the inverse coincides
with the other estimate, then they use this value. Otherwise, the inverse is calculated
by searching in the neighborhood and averaging between several candidates. The main
drawback of this approach is that it needs a previous backward registration to estimate
the inverse flow.

Some other symmetric methods manage to avoid the estimation of the inverse map,
like [12]. In this case, the backward flow is modelled in terms of the descent directions of
the forward mapping, so afterwards the energy model only depends on the forward flow.
Another interesting symmetric model is presented in [1], where the optical flow is computed
as a function in the middle position between two frames. In this case, the optical flow
represent the same displacement in both directions and it has to be transformed to obtain
a vector field in the coordinate system of the first image. In fact, this transformation
is very similar to inverting the flow, but it has the advantage that it only needs to be
computed once at the end.

Another field of application is in the creation of anatomical atlases. In [11], the au-
thors propose a method for automatically building average anatomical models of the brain.
They register the images of several patients with respect to a reference image and then
estimate the average model using ”forward resampling”: the average intensities are dis-
tributed using trilinear interpolation. They do not estimate the inverse flow explicitly,



but it basically follows the same steps. Finally, the holes are filled with mathematical
morphology operators. Another method for building anatomical atlases is explained in
[5]. For computing the inverse flows, they propose to take the nearest neighbour and then
filling the holes convolving with a Gaussian.

More recently, the backward flow has been used in spatio-temporal optical flow meth-
ods, e.g. [16] or [19]. The objective is to preserve the temporal coherence of the optical
flows with the previous estimated flows. The inverse mapping is used to find the corre-
spondences back in time and impose some kind of temporal continuity. Another example
of the use of the backward flow is given in [13] and [14]. In this case, the authors pro-
pose a method that relies on the reverse optical flow to automatically follow the road in
autonomous cars. It tracks features from the current position to a past position, so the
robot may identify similar shapes at different scales.

In Sect. 3 we explain the basic concepts of the problem and analyze the problems
of occlusions and disocclusions. The four algorithms are presented in Sect. 4. In the
experimental results, Sect. 6, we evaluate the algorithms using several sequences from the
Middlebury benchmark datasets. We study several aspects, related with the accuracy of
the inverse estimations, the filling strategies, the stability of the solutions and the behavior
with respect to different types of occlusions. Finally the conclusions in Sect. 7.

3 Notation and General Framework

Let I;(x) and Iy(x) be two color images in a sequence, with x = (x,y), and h(x) =
(u(x),v(x)) the vector field that establishes the correspondences between the pixels of the
images. h(x) is said to be dense if it is a mapping of every pixel in the first image to
the pixels in the second image. We define the backward flow, h*(x) = (u*(x),v*(x)), as
the inverse of h(x). h*(x) puts in correspondence the pixels in the second image with the
pixels in the first image. The forward and backward flows can be related as:

h(x) = —h*(x + h(x)) or h*(x) = —h(x + h*(x)). (1)

This relation can be intuitively derived from the graphic depicted in Fig. 1. The
corresponding positions are given by the warping function, x — x + h(x).

I, I,

X h(x)

—

x+h(x)
h*(x+h(x))

Figure 1: Relation between the forward, h(x), and backward, h*(x), optical flows.

Typically, h(x) is not bijective and it is not possible to estimate h*(x) in the whole
domain. This is true, for instance, in occluded and disoccluded regions: occlusions occur
when several correspondences arrive to the same position in the second image; disocclusions
occur when an object appears and there is no correspondence in the first image.

Since occlusions and disocclusions are common in most natural sequences, h(x) is in
general not invertible. Thus, we have to deal with these two problems in order to find



dense inverse functions. These are easy to detect but their solutions have to be overcome
from different perspectives. Looking at Fig. 2, we observe that occlusions appear in the
direction of the moving objects and disocclusions appear in the opposite side.

We also find two possible situations: occlusions may appear when moving objects
occlude other background objects, like depicted in Fig. 2; on the other hand, occlusions
may also occur when objects displace behind other objects, like in Fig. 3. The former
situation is typical in fronto-parallel stereoscopic sequences, so we will refer this situation
as the stereoscopic occlusion. It can be efficiently solved, like proposed in [17]. The latter
usually appears in general optical flow problems [18].

Iy I

Figure 2: Stereoscopic Occlusion: when the blue square moves horizontally, it creates a
disocclusion and occlusion before and after the square, respectively.

We call this last situation the street-lamp occlusion, as it typically appears in traffic
sequences where a car moves behind a street lamp. Looking at Fig. 3, we observe that
occlusions are not only present in front of the square but also inside it, since these pixels fall
exactly behind the bar in the second image. The effect of this occlusion is like projecting
the bar into the square at a distant equivalent to its motion.

The problem of occlusions can be solved by means of a selection process. Several vectors
point at the same position, and we need to select the appropriate one. The selection
problem may only depend on the vector field itself, as it happends in the stereoscopic
occlusion. In this case, we can select the value corresponding to the biggest motion. On
the other hand, the more general case of the street-lamp occlusion requires not only the
values of the optical flow but also the image intensities: we have to select the motion
associated with the pixel that is finally visible in the second image.

In the disocclusion problem, there is no information available for a given position. This
can be addressed as a filling procedure, selecting the information on the neighborhood of
the pixel. Notice the symmetric behavior between occlusions and disocclusions from Figs.
2 and 3.

Fig. 5 shows two examples of inverse optical flows. The motion fields are shown using
the color scheme depicted in Fig. 4. In this case, we have used two sequences from the
Middlebury benchmark database. The forward optical flows are known (second column)
and the inverse flows are calculated using one of our algorithms (third column). We also
show the disocclusion maps in the fourth column.



Figure 3: Street-lamp Occlusion: the blue square moves behind the static central bar.
Occlusions appear in front of the square and also inside the square, induced by the static
bar.
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Figure 4: Color scheme used to represented the optical flows. The colors represent the
orientation and magnitude of the flow field.

Figure 5: Two examples using sequences from the Middlebury benchmark database: the
first column shows the Grove2 and Urban3 sequences, respectively; the second depicts the
forward optical flows; the third, the inverse optical flows; and the last one, the correspond-
ing disocclusions.



4 Algorithms for Computing the Inverse Optical Flow

In this section we explain the algorithms. These algorithms have been grouped in two
categories: nearest neighbor algorithms that use a single value from the forward flow; and
interpolation algorithms that compute an average between the values that get close to a
position. These are explained in subsections 4.1 and 4.2, respectively. Nearest neighbor
algorithms only need one image pass, while the others need two passes.

These categories are further divided in flow- and image-based strategies. The flow-
based strategy uses the information of the forward optical flow, whereas the image-based
strategy also uses the information of the image intensities. The former can be applied in
the stereoscopic occlusion case and the latter in the more general street-lamp occlusion.

4.1 Nearest Neighbor Algorithms

Our first algorithm is based on the optical flow information. It is highly efficient and
provides good results for the stereoscopic occlusion case. Algorithm 1 depicts the steps to
compute the backward flow. This algorithm is very fast since only one pass through the
image is necessary. It does not use any temporal buffer because the operations are carried
out in the output backward flow.

Algorithm 1: Inverse Flow

Input: h

Output: h*

Initialize h* to 0

foreach position x do

Xy — X + h(x)

Find the four neighbors of x,, : {x1, X2, x3,X4}

Compute the bilinear interpolation weights: w1, wa, w3, wy (see Fig. 6)

d = b

dy — ||b*(x)|”

dy — |[h*(x2)]?

ds — ||h*(x3)|

dy — |[0* (x4)||?

if wq > 0,25 and d > d; then
| h*(x1) — —h(x)

end

if wo > 0,25 and d > ds then
| h*(x2) — —h(x)

end

if ws > 0,25 and d > d3 then
‘ h*(x3) <« —h(x)

end

if wy > 0,25 and d > d4 then
‘ h*(x4) < —h(x)

end

end

FillDisocclusions

||I|| stands for the Euclidean norm of a vector. At the beginning, we initialize the



inverse flow to zero. In each pixel, x = (z,y), we compute the corresponding position in
the other image, x + h(x). Normally, this position will lie in the middle of four pixels.
We obtain the neighbors around this position, given by {x1,x2,x3,%4}, and the inter-
polation weights, w1, ws, w3, wys. These are shown in Fig. 6. The weights represent the
proportional area of the pixel left to each neighbor. Then, we estimate the magnitude of
the forward flow and compare it with the magnitude of the already stored backward flows.

e I

Xq X,

Figure 6: Weights.

If the value of the forward magnitude is bigger than the previous stored value, and the
corresponding weight is bigger than a given threshold, then we keep the negative value
of the flow at that position. This threshold has been set to 0,25 because it represents
the situation when the correspondence falls exactly in the middle of the pixel. Another
alternative is to use distances instead of areas. Nevertheless, the behavior is very similar,
but we will prefer areas for the interpolation algorithms.

In this way, occlusions are automatically handled by the algorithm: if there are colli-
sions in one position, we retain the flow with higher magnitude. In the last step, we fill
disocclusions, which correspond to the positions that have not been visited in the backward
flow.

If we want to deal with the street-lamp occlusion case, then we need more information
than the optical flow. Now the objects with the smallest motions can occlude other fast
moving objects. Thus, the magnitude of the flow cannot be a discriminant.

We propose to use the intensities of the images as discriminant. We select the motion
corresponding to the pixel with the most similar intensities in both images. Algorithm 2
shows the steps of the new method. This algorithm is also very efficient and applies to
any configuration. Additionally, we need a buffer to store the pixel similarities, so that,
in case of an occlusion, we retain the value corresponding to the most similar value.

The input data includes the forward flow and both images. At the beginning, we
initialize the buf fer to a big number. Then, the algorithm goes over each position of the
vector field, carrying out the same steps as in the previous algorithm. The main difference
is that it estimates the similarity between the images at the given positions. It assigns
the negative value of the original flow to each of the neighbors, if it has the best similarity
and lies close to the destiny pixel.

Notice that similarities are stored in a buf fer, so that when there are several pixels
that arrive to the same position, i.e., in the case of occlusions, the algorithm retains the
value corresponding to the most similar pixels in both images. In this case, the use of the
buf fer allows us to automatically deal with occlusions. This algorithm is also very fast,
since only one pass through the image is necessary.

For the similarity measure, we have used the RGB color information. This may pose
some drawbacks if there are brightness changes, which is typical in real sequences. Other



Algorithm 2: Inverse Image-based Maximum Flow
Input: I;,I5,h
Output: h*

Initialize each position of a buf fer to a big number

foreach position x do
Xy — X + h(x)
Find the four neighbors of x,, : {x1, X2,x3,%4}
Compute the bilinear interpolation weights: w1, wa, w3, wy (see Fig. 6)
dy — |[Ti(x) = Ta(x1)||?
dy — [Ty (x) — Ta(xa)||”
s — () ~ T (x3)
dy — [Ty (x) — Ta(x4)|?
if wy > 0,25 and buffer(x;) > dy then
h*(x;) <« —h(x)
buf fer(xy) <« dy
end
if wy > 0,25 and buf fer(xy) > dy then
h*(x2) < —h(x)
buf fer(xa) < do
end
if ws > 0,25 and buf fer(xs) > ds then
h*(x3) <« —h(x)
buf fer(xs) < ds
end
if wy > 0,25 and buf fer(xy) > d4 then
h*(x4) — —h(x)
buf fer(xy) < dy
end

end

FillDisocclusions

robust similarity measures can be used, based on the gradient or the curvature of the
images. The noise of the images may also affect the similarity measure. A simple approach
to mitigate this problem is to convolve the images with a Gaussian kernel.

Fig. 7 shows an example of the street-lamp occlusion case. We have modified the
Urban2 sequence from the Middlebury benchmark database by introducing two static
bars. We show the results for Algorithms 1 and 2. We observe that the first algorithm
can not correctly deal with the static bars. On the other hand, the second algorithm can
cope with this situation, but it does not detect the correct motion in a few pixels of the
front building. This region coincides with an occlusion and brightness changes.

4.2 Interpolation Algorithms

Given the discrete nature of images, normally the correspondences fall among several pixels
in the other image. In fact, many correspondences may get around one pixel. It could be
more convenient to use all this information and compute an average between these values.
In the previous algorithms, we have selected one value; therefore we are introducing a shift
on the positions of the inverse flow.



Figure 7: Dealing with street-lamp occlusions: left, the Urban2 sequence; middle, result
of Algorithm 1; and right, result of Algorithm 2. The first algorithm does not detect the
motion of the bars and the second algorithm introduces some errors due to brightness
changes (see yellow ellipses).

In this section we propose two algorithms addressing this problem. We note that,
although it is interesting to compute an average between the correspondences that get
around a pixel, at flow discontinuities or occlusions we have to average only with the
values of their corresponding regions. This is necessary to avoid degrading these areas.

In order to compute the inverse flow, we calculate the weighted average of the flows,
using the following equation:

> wih(x;)
_xiGM

> W

x; €N

h*(x) = (2)

where N; = {x; : [|x; + h(x;) — x|| < 1}, i.e., A is the set of correspondences that fall
around x.

The first algoritm in this section relies on a procedure that is in charge of computing
the weighted average (2). This formula is computed iteratively, as we find new values
around a position.

Procedure SelectMotion(d, h, wght, d*, h*, wght*)

if wght > 0,25 then

if abs(d — d*) < MOTION_TH then
h* — h* + h x wght

wght* «— wght* + wght

else if d > d* then

d* —d
h* — h x wght
wght*™ «— wght
end
end

This procedure receives the forward optical flow, h, its magnitude, d, the weight as
depicted in Fig. 6, wght, and the accumulative values stored at this position d*, h* and
wght*. If the current flow magnitude, d, is within a threshold (MOTION_TH) of the stored
flow magnitude, then we accumulate the values for h* and wght*, in order to progressively
estimate (2). Otherwise, if the current magnitude is bigger than the stored one, then
we initialize these variables to the current values. In this procedure, we use a constant,
MOTION_TH, that is used to detect similar motions. By default, its value is equal to 0, 25.
The second condition allows us to preserve the flow discontinuities and select the correct
value at occlusions.
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Algorithm 3 is an improvement with respect to Algorithm 1. The steps of both algo-
rithms are essentially the same, with the following differences: the new method uses the
buffers avg h and wght* to accumulate the value of the additions in (2); an additional
buffer, d*, to store the calculated flow magnitudes; and four calls to the previous proce-
dure, to select the correct motion in each position. Finally, the algorithm calculates (2)
using the accumulation buffers. This is carried out through another image pass.

Algorithm 3: Inverse Average Flow
Input: h
Output: h*
Initialize buffers d*, avg_h, wght* to 0

foreach position x do
Xy — X + h(x)
Find the four neighbors of x,, : {x1, X2, x3,X4}

Compute the bilinear interpolation weights: w1, wa, w3, wy (see Fig. 6)

d — ||h(x)]*
SelectMotion (d, h(x),ws, d*(x1),avg_h(x1), wght*(x1))
SelectMotion (d, h(x), ws, d"(x2),avg-h(x2), wght*(x2))
SelectMotion (d, h(x),ws, d*(x3), avg_h(x3), wght*(x3))
SelectMotion (d, h(x),wy,d"(x4),avg-h(x4), wght*(x4))
end
foreach position x do

if pizel x is not a disocclusion then

‘ h*(X) - _ avg-h(x)

wght*(x)
end
end
FillDisocclusions

This algorithm is also very efficient. It uses two image passes to compute the inverse
flow: one for creating the intermediate buffers and another for calculating (2). The number
of operations in the second pass reduces to two divisions and two assignments per pixel.
The main advantage is that the accuracy of the calculated inverse flows is higher.

The fourth algorithm relies on another procedure that plays the same role as the previ-
ous one. If the magnitudes of the current and stored flows are similar, then the procedure
accumulates the information. Otherwise, the procedure keeps the flow associated with
the most similar pixel intensity. Thus, the main difference is that the discriminant for
selecting a value depends on the RGB similarity.

Algorithm 4 computes flow averages and uses the image intensities to select the correct
flow. This new method uses the buffers, avg_h and wght* to accumulate the value of the
summations in (2); an additional buffer, dI, to store the calculated RGB differences of
both images; and four calls to the previous procedure, to select the correct motion in each
position. A final image pass is necessary to calculate (2).

The performance of this algorithm is similar to the previous algorithm. The benefit is
that it properly works for stereoscopic and street-lamp occlusions. Nevertheless, it carries
out some more operations for calculating the RGB differences between the images. Note
that these interpolation algorithms can also cope with occlusions and respect the flow
discontinuities.

The algorithms explained in this section can be easily extended to higher order dimen-
sions. This is useful, for instance, in three dimensional medical images. In this case, the

11



Procedure SelectlmageMotion(dI, h, wght, dI*, h* wght*)

if wght > 0,25 then

d |2

if abs(d — d*) < MOTION_TH then
h* — h* + h x wght

wght™ — wght* + wght

else if dI* > dI then

d* —d
dI* « dI
h* «— h xwght
wght™ «— wght
end
end

problem of occlusions and disocclusions is not very important and the accuracy of these
methods can be even higher.
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Algorithm 4: Inverse Image-based Average Flow
Input: I;,I5,h
Output: h*

Initialize buffers avg_h, wght* to 0

Initialize buffer dI to a big number

foreach position x do

Xy — X + h(x)

Find the four neighbors of x,, : {x1, X2,x3,%4}

Compute the bilinear interpolation weights: w1, wa, w3, wy (see Fig. 6)
d — |Ti(x) = Ta(x1)|”

dy — ||Ta(x) — Ta(x2)|?

d3 — ||T1(x) - Ta(x3)|?

di — |Tu(x) = Ia(c) |

(%) (x1) (

SelectImageMotion (dg, h(x) (x2) (

SelectImageMotion (ds, h(x),ws,dI(x3),avg h(xs
(ds, h(x) (x4) (

end

foreach position x do
if pizel x is not a disocclusion then
‘ h* (X) - __avg.h(x)

wght*(x)
end
end
FillDisocclusions

5 Filling Disocclusions

The last step of the algorithms is to fill disocclusions. These are regions with no corre-
spondences in the source image, so we get empty spaces in the backward flow. It is not
possible to find an exact solution if only two images are taken into account. Probably, the
use of more frames may allow us to uniquely identify the values inside these regions.

The best we can do is to guess the information from the neighbor values. We propose
three filling strategies: on the one hand, we use a minimum fill strategy that looks for
the minimum value around the disocclusion; then, we propose an averaging solution that
computes the average from the values around the region; finally, we propose an oriented
filling scheme that searches the value in the opposite direction to the flow.

5.1 Minimum fill strategy

The min-fill strategy is justified in the case of stereoscopic occlusions. In this situation,
disocclusions are associated with the lowest moving objects, so it seems reasonable to
select the minimum motion. In [17], we analyzed two min-fill strategies.

The first strategy uses a connected component labeling process to group the regions. It
assigns a label to each region, finds a unique minimum around each area, and then assigns
the value to each position inside. This strategy is simple and fast. It works correctly if the
size of the regions is small. However, when regions are large, it may assign values which
are very far from the position.

The second strategy finds the minimum value that is near the current position. We

13



go through the image and try to fill disocclusions using a fix-sized window. The size of
the window may not be large enough to attain values outside the region. In this case, the
process is run again to fill the remaining disocclusions. The default window radius is 5 in
the experimental results. In the experimental results, we use this strategy, since it usually
provides better results, as shown in [17].

5.2 Average fill strategy

An alternative to the min-fill strategy is to use an average filling. Instead of selecting a
unique value, we compute an average in a fix-sized window. The process is very similar
to the previous approach: we accumulate the values and assign the average to its corre-
sponding position if the number of values is greater than a threshold. This threshold is
equal to the windows radius (5 in the experiments). This process is carried out iteratively
until every disocclusion is succesfully filled.

This approach is a compromise between both types of occlusions: it is not going to
work as well as the min-fill strategy for the stereoscopic case, but it should outperform
this strategy for the street-lamp occlusion.

. ENES
:

Figure 8: Comparison of filling strategies. In the first row: first column, the left image;
second, the ground truth optical flow; and third, the inverse flow with disocclusions in
pink. In the second row: first column, the solution using the min-fill strategy; second,
using the average-fill strategy; and third, using the oriented-fill strategy.

5.3 Oriented fill strategy

We propose another strategy that takes into account the information of the flow orien-
tation. If one object moves in one direction, it seems reasonable that the motion at
disocclusions corresponds to the motion that is in the opposite direction.

In this sense, what we do is the following: we first compute the search vector for each
position as 7%; then, it iterates until it finds a value outside the disoccluded region
in this direction.

Note that we use the forward flow to estimate the vector orientation. This probably
works very well for the stereoscopic occlusion, since normally the motion corresponds to the
backward object. In the street-lamp case, this strategy works properly if the disocclusion

falls inside the correct object.



An improvement to this strategy is to use, not only one vector in the opposite direction,
but also its orthogonal vectors, so that the filling process searches for information in more
directions. This can be efficiently addressed through an oriented diffusion process.

In Fig. 8 we compare these filling strategies. We use a simple sequence of a star moving
fifteen pixels horizontally. This sequence is interesting because disoccluded regions are
large and complex (see the image on the first row and last column). The performance of
the average-fill strategy (second row in the middle) is the poorest. The min-fill strategy
provides very good results, but when the search window is not large enough, then it takes
values from the motion of the star. Finally, the oriented-fill strategy provides the best
results in this case.

6 Experimental results

In order to evaluate the methods, we use an error measure based on the following repro-
jection error: we compute the backward flow twice, (h*(x))*; then, we compare the result
with the original ground truth using the average End-point Error (EPE) and Angular
Error (AAE), as explained in [6]. Fig. 9 shows the three functions — h(x), h*(x) and
(h*(x))"~ for the Urban2 sequence. The last two functions have been computed using
Algorithm 1 and the min-fill strategy.

I, h(x)

h*(x) (h*(x))”

Figure 9: Reprojection error: first image in the top row, the Urban2 sequence from the
Middlebury database; second image, the ground truth optical flow; first image in the
bottom row, the inverse flow, h*(x); and, second in the bottom, the inverse of the inverse
flow, (h*(x))".

Notice that (h*(x))" is slightly different than h(x), especially at occlusions. In the
experimental results we will be using the EPE and AAE between these two functions for
comparing the accuracy of the algorithms. We will use the test sequences from the Mid-
dlebury benchmark database [6], which provides the correct ground truths. Unfortunately,
there are some sequences in the database that mix the information of occlusions with the
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optical flows, so we will only use these when possible.

Another alternative is to use a symmetric error metric based on (1) as ||h(x) + h*(x + h(x))

This has been previously used in the symmetrical optical flow method explained in [2].
However, we need to use an interpolation method to estimate h*(x + h(x)), which will
introduce a bias in the computed errors, especially at discontinuities. The advantage of
the previous metric is that it only depends on the inverse calculations.

6.1 Analysis of inverse flow accuracy

In this section we analyze the methods without taking into account disocclusions. Figures
10 and 11 show the results for Algorithm 1.

Figure 10: Middlebury test sequences. First column, the source image; second, the ground
truth optical flow; third, the inverse optical flow using Algorithm 1, with disocclusions in
pink.

Disocclusions are marked in pink. We can see that the precision of the inverse optical
flow seems high and occlusions are correctly handled by the algorithm. Disocclusions are
large in some sequences like, for instance, in the building or tree sequences.

The EPE and AAE results are shown in Tables 1 and 2, respectively. The best result
per row is in bold letters and the second in italics. The first algorithm provides very good
results but these are the poorest in the table. This method is interesting because of its
simplicity: it only depends on the optical flow, does not use any additional buffer and
requires less calculations. The third algorithm has the same features as the first one, but
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it computes averages with several values per position. Its accuracy is slightly better for
most sequences and much better in sequences where the flow is continuous or divergent,
like in Dimetrodon and Yosemite.

The best EPE results are obtained for Algorithms 2 and 4. These two rely on the
image intensities in order to select the appropriate inverse value. This means that the
pixel information is more discriminant and reliable than the flow data.

Table 1: Reprojection error (EPE) for the Middlebury sequences.
Sequence Algorithm 1 ‘ Algorithm 2 ‘ Algorithm 3 ‘ Algorithm 4

Dimetrodon 0,014 0,006 0,007 0,006
Grove2 0,020 0,008 0,018 0,009
Grove3 0,094 0,044 0,089 0,045
Hydrangea 0,019 0,009 0,017 0,010
RubberWhale 0,010 0,003 0,006 0,004
Urban2 0,027 0,011 0,025 0,011
Urban3 0,030 0,010 0,027 0,010
Venus 0,015 0,006 0,015 0,006
Yosemite 0,009 0,004 0,004 0,004

It is interesting to note that, while the second algorithm outstands in most of the EPE
results, the fourth wins in the AAE comparisons. This is because Algorithm 4 is based on
the average value, which may benefit a better estimation of the flow direction. This effect
is more noticeable in the Dimetrodon and Yosemite sequences as well.

Table 2: Reprojection error (AAE) for the Middlebury sequences.
Sequence Algorithm 1 ‘ Algorithm 2 ‘ Algorithm 3 ‘ Algorithm 4

Dimetrodon 0,359° 0,203° 0,154° 0,138°
Grove2 0,438° 0,229° 0,466° 0,242°
Grove3 1,205° 0,736° 1,233° 0,671°
Hydrangea 0,463° 0,259° 0,356° 0,250°
RubberWhale 0,441° 0,195° 0,273° 0,169°
Urban2 0,318° 0,165° 0,307° 0,150°
Urban3 0,320° 0,171° 0,366° 0,178°
Venus 0,257° 0,087° 0,257¢ 0,095°
Yosemite 0,261° 0,132° 0,122° 0,111°

We may conclude that image-based algorithms (Algorithms 2 and 4) outperform algo-
rithms based on the flow (Algorithms 1 and 2). On the other hand, these algorithms are
more complex and require more memory resources than their corresponding flow versions.

The interpolation Algorithms 3 and 4 behave similar to their corresponding nearest
neighbor algorithms, but they outperform the latters in the presence of divergent or con-
tinuous flow fields, like in Dimetrodon or Yosemite.

Fig. 12 compares the solution of a flow-based algorithm (Algorithm 1) with respect to
an image-based algorithm (Algorithm 2). In the latter case, we note that some values may
fail due to the sampling of the image, as can be seen in the last image. It appears some
flow errors in the building because the intensities of the building get confused with the
intensities in the background. This may worsen in natural sequences, where the presence
of noise and brightness changes is more important. However, this problem only appears
in the area of occlusions.
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6.2 Street-lamp occlusions

Next, we study the performance of the algorithms with respect to the street-lamp occlu-
sion. We modify two Middlebury sequences, Grove2 and Urban2, adding five static bars
in front of the scene. This easily simulates the effect of the objects moving behind a fence.

In Fig. 13 we show the results for Grove2. The motion of the objects in this sequence
is not big, so the effect of the bars is limited. Nevertheless, we appreciate the width of bars
being smaller in the first result (Algorithm 1) than in the second solution (Algorithm 2).
This means that the first algorithm has partially selected the motion of the background
instead of the motion corresponding to the bars.

Table 3 presents the EPE and AAE errors for each algorithm. We observe that image-
based algorithms clearly outperform flow-based ones. In fact, flow-based methods are
unwilling to deal with this kind of occlusions.

Table 3: Reprojection errors for Grove2 with bars.
Error | Algorithm 1 ‘ Algorithm 2 ‘ Algorithm 3 | Algorithm 4

EPE 0,035 0,008 0,033 0,009
AAE 0,947 0,201 1,048 0,216

Fig. 14 shows the results for the Urban2 sequence with bars. The motion in this
sequence is bigger; therefore the effect on the bars is more important. The first algorithm
is unable to detect the bars in the front building and they completely disappear in the
backward flow. The second algorithm correctly handles the motion of the bars and the
rest of objects.

Looking at Table 4, we observe that the EPE and AAE of image-based algorithms are
much smaller than those of flow-based methods. Even, the fourth algoritm provides an
important improvement in AAE with respect to the second algorithm.

Table 4: Reprojection errors for Urban2 with bars.
Urban2 (5 bars) ‘ Algorithm 1 ‘ Algorithm 2 | Algorithm 3 | Algorithm 4

EPE 0,065 0,011 0,063 0,011
AAE 0,824 0,163 0,877 0,151

These experiments show that image-based algorithms correctly deal with any kind of
occlusions. This is at the expense of using intensity information and an additional buffer
for storing the comparisons between the image intensities.

6.3 Analysis of filling strategies

In this section, we study the behavior of the filling strategies explained in Section 5. The
experiments in this section were performed using Algorithm 2.

Tables 5 and 6 show the EPE and AAE for the Middlebury sequences, respectively. We
have only used the sequences where the flow is also defined at occlusions. If we compare
these results with the results presented in Tables 1 and 2, we observe that the errors
increased considerably.

Looking at these tables, we conclude that the best performing strategies are the
oriented-fill and the min-fill approaches. The oriented-fill approach seems to have a better
behavior. The average-fill strategy behaves better for the sequences with the static bars
(two last sequences).

This means that this strategy is better for the street-lamp occlusions. This kind of
occlusions is very difficult to deal with, because they produce a disocclusion at a place that
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Table 5: Reprojection errors (EPE) for the filling strategies.

Sequence Minimum fill ‘ Average fill ‘ Oriented fill
Grove2 0,023 0,039 0,040
Grove3 0,166 0,264 0,206
Urban2 0,083 0,130 0,041
Urban3 0,149 0,166 0,055
Venus 0,021 0,038 0,017
Yosemite 0,008 0,006 0,005
Grove2 with bars 0,092 0,065 0,094
Urban2 with bars 0,160 0,132 0,160

Table 6: Reprojection errors (AAE) for the filling strategies.

Sequence ‘ Minimum fill ‘ Average fill | Oriented fill
Grove2 0,595° 1,010° 1,014°
Grove3 1,972° 3,417° 2,761°
Urban2 0,472° 1,293° 0,371°
Urban3 1,725° 2,262° 0,676°
Venus 0,325° 0,791° 0,284°
Yosemite 0,171° 0,184° 0,133°
Grove2 with bars 3,062° 1,346° 3,112°
Urban2 with bars 2,851° 1,129°¢ 2,878°

may be far from the object that originated it (see Fig. 14 for example). The minimum
and the oriented strategies may not assure a correct filling.

In any case, dealing with the filling of the street-lamp case is not easy. An alternative
would be to use a maximum-fill strategy, but there is no way to differentiate between
the stereoscopic and the street-lamp occlusions. A good approach would be to use the
oriented-fill for the stereoscopic and the average-fill for the street-lamp case, but we have
not found an easy mechanism to differentiate between these two situations.

6.4 Recursive application

In this section, we study the effect of applying the algorithms multiple times. This will
give us an idea of how the solutions degrade when we apply the methods recursively. For
this experiment, we use the Yosemite and the Urban3 sequences.

In Tables 7 and 8 we show the EPE and AAE results for the Yosemite sequence,
respectively. We compare the solutions applying the inverse optical flow 2 times (h?*(x)
), 10 times (h'%*(x)), 20 times (h?%*(x)) and 100 times (h'%*(x)). In this case, we use
the average-fill strategy.

Table 7: Reprojection errors (EPE) for the Yosemite sequence with recursive application.
Error ‘ Algorithm 1 ‘ Algorithm 2 | Algorithm 3 | Algorithm 4

h?*(x) 0,011 0,006 0,006 0,006
h!0*(x) 0,046 0,011 0,018 0,011
h?U*(x) 0,094 0,012 0,037 0,014
h100%(x) 0,614 0,013 0,395 0,026

The results for Algorithms 2 and 4 are surprisingly very stable. In fact, the former
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hardly degrades the results and, even computing the inverse flow 100 times, we obtain a
very similar result. On the contrary, Algorithms 1 and 3 strongly degrade the solutions,
the first one being the worst.

Table 8: Reprojection errors (AAE) for the Yosemite sequence with recursive application.

Error ‘ Algorithm 1 ‘ Algorithm 2 | Algorithm 3 | Algorithm 4
h?*(x) 0,321° 0,182° 0,184° 0,155°
h'0*(x) 1,141° 0,287° 0,458° 0,265°
h?0*(x) 2,163° 0,316° 0,794° 0,325°
h!0%(x) 12,101° 0,335° 7,350° 0,620°

Fig. 15 shows the results h1%*(x), h?%*(x) and h%%*(x) for Yosemite. In the first row,
we show the results for Algorithm 1 and, in the second, the results for Algorithm 2. The
last row shows that the latter image-based algorithm is very stable, while the first shows
the unstability of flow-based algorithms.

Similar results can be seen in Tables 9 and 10 for the Urban3 sequence. In this case
we have used the oriented-fill strategy.

Table 9: Reprojection errors (EPE) for the Urban3 sequence with recursive application.

Error ‘ Algorithm 1 ‘ Algorithm 2 | Algorithm 3 | Algorithm 4
h?*(x) 0,058 0,053 0,055 0,052
h!0*(x) 0,225 0,082 0,211 0,082
h?%*(x) 0,438 0,093 0,409 0,093
h190%(x) 1,957 0,100 1,907 0,104

Table 10: Reprojection errors (AAE) for the Urban3 sequence with recursive application.

Urban3 (AAE) ‘ Algorithm 1 ‘ Algorithm 2 | Algorithm 3 | Algorithm 4

h?*(x) 0,575° 0,856° 0,676° 0,895°
h!%(x) 1,973° 1,351° 2,320° 1,354°
h?0*(x) 3,750° 1,551° 4,288° 1,526°
h100%(x) 12,026° 1,693° 12,446° 1,600°

We can see

in Fig.

16 that the results of Algorithm 2 (second row) degrades less

severely than the results of Algorithm 1 (first row).

These results seem reasonable, since flow-based algorithms use the flow information
as discriminant. This information degrades with every inverse calculation, so the errors
accumulate in every iteration. On the other hand, image-based algorithms rely on the
image information, which is not modified.
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Figure 11: Middlebury test sequences. First column, the source image; second, the ground
truth optical flow; third, the inverse optical flow using Algorithm 1, with disocclusions in
pink.
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Figure 12: Flow-based versus image-based algorithms. Comparison between Algorithms
1 and 2.

Figure 13: Street-lamp occlusion for Grove2. First row, the source image and the ground
truth. Second row, the backward flows for Algorithms 1 and 2.
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Figure 14: Street-lamp occlusion for Urban2. First row, the source image and the ground
truth. Second row, the backward flows for Algorithms 1 and 2.

th* h20* h100*
th* h20* h100*

Figure 15: Yosemite recursive. First row, results for Algorithm 1. Second row, results for
Algorithm 2.
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th* h20* thO*

th* h20* thO*

Figure 16: Urban3 recursive. First row, results for Algorithm 1. Second row, results for
Algorithm 2.



7 Conclusions

In this work, we have proposed four new efficient algorithms for estimating the inverse
optical flow. We have classified these in flow-based methods, that only use the forward
optical flow as input, and image-based methods, that also use the information of the
images. The former are limited for sequences with stereoscopic occlusions, whereas the
latter are more general and can also deal with the street-lamp occlusion case.

We have seen the importance of occlusions and disocclusions in the estimation of the
backward flow. All the algorithms can easily handle occlusions, but disocclusions have
to be processed separately. In order to fill dissoclusions, we have proposed three filling
strategies, based on the minimum and average flows, and an oriented filling process.

Flow-based algorithms are easy to implement and very efficient in running time and
memory requirements. However, image-based algorithms yield the most accurate results,
at the expense of using more buffers and calculations. Typically, we need a buffer for
dealing with occlusions. On the other hand, nearest neighbor algorithms need one image
pass, while interpolation algorithms need two image passes. The latter also need more
buffers to store the accumulative values.

We have shown that the accuracy of the methods is very high in general. If we do not
take into account disocclusions, then the errors are smaller than 1% of a pixel in Euclidean
distance and less than 1° in angular error. Errors increase considerably when we deal with
disocclusions. The oriented fill strategy seems to provide the best results, followed by the
min-fill strategy. Nevertheless, in the presence of street-lamp occlusions, the average fill
strategy outperforms the other approaches.

We have also shown that image-based algorithms are also more stable. When we
calculate the inverse flow many times, the results of flow-based methods rapidly degrade.
This is due to the fact that the flow itself is modified and the errors are accumulated.
This kind of methods might only be used when a very few iterations are needed. These
are very interesting if speed or memory requirements are the first considerations. On the
other hand, image-based algorithms are very stable, yielding very good results even with
many inverse calculations.

Although the proposed algorithms are very efficient, they can still be improved. The
major effort should be oriented to improve the filling strategies. This problem can be tack-
led using more temporal information, so that the unknown information can be discovered
from a different time instant. Another improvement is to integrate the filling process with
the main part of the algorithm, as it happens with occlusions.
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