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ABSTRACT
The use of decreasing functions, for mitigating the regulariza-
tion at image contours, is typical in many recent optical flow
methods. However, finding the correct parameter for getting
the best of this strategy is challenging. Most of the methods
use default parameters that are conservative, providing results
that are not better than traditional approaches. Configurations
that clearly enhance discontinuities may produce instabilities
in the computed optical flows. This is due to the fact that
the regularization process may get cancelled, yielding an ill-
posed problem. In this work, we analyze the problem of insta-
bilities and propose a method for efficiently determining the
value of the parameter. We show that this approach allows us
to obtain well preserved discontinuities at the same time that
it avoids the ill-posed problem. The experiments with syn-
thetic sequences demonstrate that the results are accurate and
the selected parameter is close to the optimal value.

Index Terms— Optical Flow, Motion Estimation, Image
Motion Analysis, Discontinuity-Preserving.

1. INTRODUCTION

The preservation of motion contours is a key problem in
variational optical flow methods. Nowadays, there exist
many strategies that yield accurate motion fields. In partic-
ular, the type of TV-L1 approaches are ranked in the top of
current benchmark databases. These methods succeed to pro-
duce piecewise smooth optical flows. However, they create
rounded shapes near the borders of the objects and, normally,
the edges do not coincide with image contours. These incon-
veniences occurs because the regularization process does not
depend on the image information but only on the flow field
itself.

In order to avoid these problems, many methods make
use of decreasing functions to stop the regularization at ob-
ject boundaries. This idea originally comes from [1] and has
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Fig. 1. From left to right: a) The first image of a sequence;
b) the computed optical flow using decreasing functions; c)
instabilities appearing around the object contours due to a
wrong parameter value; and, at the bottom right corner of the
third image, the color scheme used for motion representation.

recently been used in many works, such as in [2, 3, 4, 5]. It is
a simple solution and can certainly provide favorable results.
Nevertheless, it has a strong dependency on the parameter of
the decreasing function: if the parameter is underestimated,
then the result is usually not better than basic TV approaches;
on the other hand, if it is overestimated then it rapidly turns
out to be unstable, providing poor results.

Figure 1 depicts this situation. We see that this approach
may yield good solutions if the parameter is properly chosen,
as shown in the second image. Instabilities appear in the form
of blobs around the object contour (third image), where the
gradient of the image is large. In this case, a large value of
the parameter has cancelled the smoothing behavior at high
image gradients. The experimental results show that the plau-
sible interval for the decay parameter is not very large in gen-
eral, so its value must be chosen carefully. In many works,
this parameter is given a default value, which is very conser-
vative in practice [6].

The aim of this work is twofold. First, we study the effect
of TV regularization at flow discontinuities. In particular, we
analyze the use of decreasing functions and the reason for in-
stabilities. Second, we deduce a mechanism for automatically
computing the parameter value that avoids stopping the diffu-
sion. This solves the ill-posed problem at the same time that
it provides sharp discontinuities. The preservation of motion

978-1-4799-5751-4/14/$31.00 ©2014 IEEE ICIP 2014209



boundaries rely on the regularization parameter, the gradient
of the flow and the gradient of the image. Instabilities appear
when the regularization parameter is too small or when the
gradient of the image is high. Our proposal depends on these
elements to compute an efficient value.

In the experiments, we show that our approach typi-
cally yields nearly optimal solutions in real and synthetic
sequences. For many sequences, the automatically selected
parameter is close to the configuration that yields the best
solution. For simple geometric sequences, discontinuities are
clearly enhanced and the results are very accurate. In general,
our proposal is interesting because it helps preserve sharp
discontinuities, assures the stability of the results and is easy
to implement.

Since the seminal work of Horn and Schunck [7], many
works have appeared dealing with the problem of disconti-
nuities. One of the former approaches is due to Nagel and
Enkelman [8], who proposed a diffusion tensor for steering
the regularization at image contours. Cohen [9], Proesmans
et al. [10] and Black and Anandan [11], proposed anisotropic
diffusion schemes based on TV regularization and robust
statistics. Alvarez et al. [1] were the first to introduce an
inhomogeneus scheme, based on decreasing functions, for
inhibiting the smoothing at image contours. Later, in [12],
the authors combined the Nagel-Enkelmann operator with a
linear scale-space for dealing with contours and large dis-
placements.

TV-L1 approaches have been extensively used after the
works of Brox et al. [13] and Zach et al. [14]. These two
methods present the aforementioned problems about TV
schemes, as shown in [15] and [16], respectively. Since then,
many authors have combined TV regularizers with decreas-
ing functions, like in [2, 3, 4, 5]. However, none of these
approaches analyzes the mitigating scheme in depth. Even
more, some of these use other mechanisms for enhancing the
motion contours, so it is difficult to understand the influence
of the decreasing function. Other alternatives propose to
combine diffusion tensors and TV schemes, like in [17, 18].
The benefit of these strategies is that they are usually more
stable, since the diffusion at discontinuities is never can-
celled but oriented along the image contours. Nevertheless,
these schemes do not completely stop the diffusion across the
boundaries and, as a consequence, the motion discontinuities
are normally smoothed. Other strategies, for enhancing dis-
continuities, rely on the estimation of the motion field using
layers [19]. In [20], the authors proposed to use weighted
median filters in a post-processing step, to refine the flow
field at edges.

In Sect. 2, we introduce our optical flow model. Then, we
minimize the energy functional in Sect. 2.1. In Sect. 2.2, we
study the problem of instabilities and propose a global mecha-
nism for automatically computing the parameter. The experi-
mental results, in Sect. 3, analyze our proposal in depth, using
synthetic geometric sequences and some sequences from the

Middlebury benchmark database. Finally, a summary of the
main ideas and conclusions in Sect. 4.

2. OPTICAL FLOW MODEL

Let I1, I2 : Ω ⊂ R2 → R, be two consecutive images. The
optical flow, w = (u(x), v(x))T , is a vector field that repre-
sents the displacement of the pixels from the first image into
the second image. Our optical flow model relies on a global
energy functional as follows:

E(w) =

∫
Ω

Ψ
(

(I2(x + w)− I1(x))
2
)
dx

+ γ

∫
Ω

Ψ
(
|∇I2(x + w)−∇I1(x)|2

)
dx

+ α

∫
Ω

Ψ
(
g(∇I1)(|∇u|2 + |∇v|2)

)
dx, (1)

with Ψ(s2) =
√
s2 + ε2 and ε := 0.001 a small constant.

g (∇I1) = e−λ|∇I1|
κ

stands for a strictly decreasing function
that inhibits regularization at object contours. In [6], the au-
thors study its behavior with respect to λ and κ and conclude
that κ := 1 is a good compromise between stability and accu-
racy, so we fix this parameter in the experiments.

2.1. Minimizing the energy functional

The minimum of (1) can be found by solving the associated
Euler-Lagrange equations, given by

0 = Ψ′d · (I2(x + w)− I1(x)) · I2,x(x + w)

+ γΨ′g · ((I2,x(x + w)− I1,x(x)) · I2,xx(x + w)

+ (I2,y(x + w)− I1,y(x)) · I2,xy(x + w))

− α div(Ψ′s · ∇u),

0 = Ψ′d · (I2(x + w)− I1(x)) · I2,y(x + w)

+ γΨ′g · ((I2,x(x + w)− I1,x(x)) · I2,xy(x + w)

+ (I2,y(x + w)− I1,y(x)) · I2,yy(x + w))

− α div(Ψ′s · ∇v), (2)

with Ψ′d := Ψ′((I2(x + w)− I1(x))2), Ψ′g := Ψ′(|∇I2(x +

w)−∇I1(x)|2) and Ψ′s := Ψ′(e−λ|∇I1|(|∇u|2 + |∇v|2)).
In order to solve this system, we discretize the equations

using centered finite differences. Then, the system of equa-
tions is solved by means of an iterative approximation, such
as the SOR method. Due to the nonlinear nature of these for-
mulas, the resolution of these equations requires two fixed
point iterations. The warpings of I2 are approximated using
Taylor expansions and bicubic interpolation. We also use a
multiscale strategy for recovering large displacements. Start-
ing from the coarsest scales, we obtain a solution and then
upgrade the value of the optical flow for the next finer scale.
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We use motion increments, wk+1 = wk + dwk, so that, in
each scale, we compute each increment, dwk. The final op-
tical flow is obtained as an accumulative value for all incre-
ments. More details about the implementation of this scheme
are given in [13, 15].

2.2. Ill-posedness of the inhomogeneous model

The smoothing term in (2) is given by S(u) = α div(Ψ′s ·∇u)
and S(v) = α div(Ψ′s · ∇v). Then, the diffusivity, including
α, is

D(x) =
αe−λ|∇I1|√

e−λ|∇I1| |∇w|2 + ε2
. (3)

with |∇w|2 = |∇u|2 + |∇v|2. The ill-posed problem appears
when this diffusivity becomes zero. This is equivalent to can-
cel the regularization term in the energy functional (1). Thus,
this problem may arise when λ or ∇I1 are very large, or α is
too small.

In order to circumvent this problem, we may assure a min-
imum isotropic regularization as follows: LetD(x) = ξ, with
ξ a small constant, e.g., ξ := 1 × 10−3, then, solving for λ,
we obtain two solutions

λ1,2 = − ln

ξ |∇w|
2
ξ ±

√(
|∇w|2

)2

ξ2 + 4α2ε2

2α2 |∇I1|

 ,

(4)
one real and another imaginary, which can be discarded.

If we analyze further, we find that the denominator of (3)
is bounded in the limits

0 <

√
e−λ|∇I1| |∇w|2 + ε2 ≤

√
|∇w|2 + ε2 ≈ |∇w| ,

(5)
with the upper bound approximately equal to the flow magni-
tude. In this sense, the denominator does not pose any prob-
lem because it will never be very large: in practical situations,
the magnitude of the flow will be much smaller than the im-
age size. The main problem emerges when αe−λ|∇I1| ∼= 0.
We avoid this situation imposing the following constraint

αe−λ|∇I1| = ξ. (6)

Solving for λ we obtain

λ =
− ln(ξ) + ln(α)

|∇I1|
. (7)

ξ must be chosen so that the diffusivity is large enough to
avoid the ill-posedness. Notice that, in (4) and (7), λ must be
a function of x, the same as∇I1 and ∇w.

Determining the value of λ. We propose a global approach
for determining a unique value for λ. For this, we can search

the minimum value that satisfies one of the following condi-
tions: αe−λ|∇I1|√

e−λ|∇I| |∇w|2 + ε2
≥ ξ

 or
(
αe−λ|∇I1| ≥ ξ

)
,

(8)
taking into account (3) or (6), respectively. Selecting the sec-
ond condition for simplicity, the maximum gradient of the
image yields the minimum value as

λg :=
− ln(ξ) + ln(α)

max
x∈Ω
{|∇I1(x)|}

. (9)

This will provide a unique value, which is obtained from
the more restrictive situation. The advantage of this approach
is that it automatically obtains λ and eliminates the instabil-
ity problems, as seen in Fig. 1. In the experimental results,
we will see that this value is nearly optimal in many cases,
correctly preserving the discontinuities of the flow.

3. EXPERIMENTAL RESULTS

In this section, we analyze the influence of the decreasing
function. Most of the parameters are set according to [15], ex-
cept α and λ that are adapted in each experiment. We use two
datasets: one with geometric figures, presenting pronounced
discontinuities and large displacements; and some sequences
from the Middlebury benchmark database [21].

Figure 2 shows several results using the Brox et al.
method and g = e−λg|∇I1|, with λg defined in (9). For
the Geometric sequences, the Brox et al. method cannot com-
pletely stop the diffusion at discontinuities. We can see that
it has many difficulties to deal with this type of figures: it
creates rounded contours; motion edges are clearly dislocated
from the object boundaries; it cannot separate the motion of
close figures, like in the two rectangles sequence; and the
motion is severely affected by occlusions.

On the other hand, the exponential function allows to
solve these problems. We observe that the solutions are very
similar to the ground truths, providing very good accuracies.
It can even deal with occlusions in the Geometric sequences.
This is an interesting behavior since we have not included
any mechanism for handling occlusions. For this, we have
sufficiently increased the value of the regularization param-
eter so that the smoothing term outweighs the attachment to
the intensity information. Although the Geometric sequences
are very simple, the solutions show us the possibilities of this
approach.

Looking at the results on the Middlebury dataset, we ob-
serve that the Brox et al. method presents the same shortcom-
ings as in the previous experiments. However, the computed
flow fields with the exponential function are very promising.
The preservation of flow discontinuities is evident in the last
column. Nevertheless, the occlusion problem has not been
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Sequence Ground truth Brox et al. [13] g = e−λg|∇I1|

Fig. 2. Results for the Geometric and Middlebury sequences.
Left column, the first image; second, the corresponding
ground truth; third, results using the Brox et al. [13] method;
and, fourth, results with our proposal.

solved as before. In this case, we have chosen smaller regular-
ization parameters to avoid over-smoothing the vector fields.
In Hydrangea, Urban2 and Yosemite with clouds, the motion
boundaries are very similar to the ground truth, except at oc-
clusions. For instance, in the last sequence, there is a clear
separation between the motion corresponding to the clouds
and the mountains. It even detects the contour of some moun-
tains with high precision.

Figure 3 shows the Average Angular Error (AAE) evo-
lution with respect to λ. We observe that the use of the de-
creasing function (blue line) allows improving the result of
the Brox et al. method (λ := 0). In the case of the Geomet-
ric sequences, the improvement is very important, achieving
low error measures. For the Middlebury sequences, the im-
provement is also interesting but, in some cases, moderate.
After reaching the minimum value, the errors in the exponen-
tial graphics quickly grow. It turns unstable for larger values
of λ. From this point, the blobs seen in Fig. 1 start to appear
in the computed optical flows.

From these graphics, we may conclude that the use of de-
creasing functions is interesting for preserving discontinuities
only if the parameters are carefully chosen. Otherwise, the
method provides worse results than the Brox et al. approach
and may turn unstable. Interestingly, our proposal for com-
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Fig. 3. Average Angular Error (AAE) evolution with respect
to λ for the Geometric and Middlebury sequences.

puting the parameter yields very good results. The red line
is the solution obtained with λg , which is automatically cal-
culated in (9). The green dot is the value obtained with this
formula. We can see that most of the solutions are near the
minimum of the exponential graphics, thus providing a nearly
optimal value.

4. CONCLUSION

In this work, we demonstrated that the use of decreasing func-
tions solves many of the TV-L1 shortcomings: it allows to
preserve motion contours and clearly separate different mov-
ing regions; in general, the flow boundaries coincide with im-
age edges; it also allows dealing with occlusions; and it pro-
vides high accuracy in simple geometric sequences, where ba-
sic TV approaches have severe difficulties. We have seen that
the selection of the parameter is critical for obtaining good
solutions: small values may yield results which are not better
than traditional methods and large values clearly worsen the
results, creating instabilities in the flow field. We proposed an
automated mechanism for determining the value that assures
a minimum isotropic smoothing. In the experimental results
we saw that our proposal provided very good results. It avoids
instabilities and produces values which are typically near the
optimal parameter.
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